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It has been established by W. C. Shapiro (Se D Thesis M.I.T. Cambridge, 

Mass., August 1958) that buoyant moored objects subjected to wave forces will 
obey the equation of motion for forced vibrations with square ] av damping. 
This equation may be expressed as: 


Mx" + Cp & 7. Kx = Pom cos wt 


fn approximate solution for this non-linear equation hag been presented 
by Jacobeen and it is this solution which was the basis for predicting hydro- 
dynamic forces on the test model used in this study. The model is best de- 
scribed as @ streamlined body of revolution, ellipsoidally shaped but not 
possessing fore and aft symmetry. 


Experimental results obtained in the 90 ft wave tank of the M.I.7. 
Hydrodynamics Laboratory confirmed that the epproximate solution to the non~ 
Linear equation did adequately describe the behavior of the object under the 
influence of wave forces. 





As a result of the investigation it was possible to compare the hydro- 
dynamic response of the test model to that of a spherical shape which was the 
model for Shapiro's analysis of the problen. 


The comparison revealed that for such shapes of equal voluze in similer 
wave and mooring conditions, the streamlined body would experience on the or-~ 
éar of 23% smaller hydrodynamic force than the sphere. 


This can be attributed, in large measure, to the greater drag resistence 
of the streamlined shape as the mooring radius of oscillation is reduced. The 
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radius of oscillation is defined as the distance from the center of gravity 
of the body to the common point et which the mooring lines are fixed to 
the bottom. In forced oscillatory motion it is the drag, or resistance, 
which provides damping in the system. While the streamlined body has lesa 
oteady state drag resistance thm the sphere, in oscillatory moored motion 
the situation is reversed. Early fiuid separation and consequent energy 
loss in the case cf the oscillating streamlined body is believed to be the 
primery reason for this increase in drag. 





A second objective of the study was to determine the result of vary- 
ing centerline depth of the body and to determine if an optimum depth for 
shallow water mooring could be established. Nogqtimm depth was found, 
but there was a depth of centerline submergence at which maximum force 
magnification oecurred. This depth should be avoided. It was found thet 
the deepest possible depth would be most desirable although e necessary 
limitation would be to require that the object be moored high enough so 
that it did not strike bottom during the most violent oscillatory motion 


anticipated. 


The experimental procedure vas to subject the model to wave forced 
oscillations at centerline depths of 1.40, 3.45 and 6.49 Giameters varying 
model. weight through euccessive increments at each depth in order to pro- 
dune variable natural frequencies. 


The most interesting aspect of this study proved to be the variation 
in the coefficient of drag for the oscillating submerged body as the radius 
of oscillation was changed. The results indicated that an accurate deter- 
mination of drag for this condition is essential to insure sound predictions 
for its behavior in wave forced oscillation. Further study is suggested to 
improve the method of evaluating the coefficient of drag as a function of 
the radius of oscillation of a submerged body. 


Thesis Superviser: Dr. Donald R. F. Herleman 
Title: Associate Professor of Hydraulics 
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FIGURE I, DSFINITION SKEICH 


As Parameter defined vy equation (25) 
a= redial acceleration, ft/see@ 

B = parameter defined by equation (26) 
C = parameter defined by equation (33) 
Cp = drag coefficient 

Cy = inertia esefficient 


c ~ damping coefficient 
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C0 critical demping coefficient 
Co= square law damping coefficient 
D > diameter, ft. 
“p z subscript “D" referring to drag component 
F 2 force lbs. 
¥,= centrifugal force, lbs. 
Fy,= slacking force, lbs. 
¢ = wave frequency or forcing frequency, cps 
f,, = natural frequency, cps 
£, = Genped natural frequency, ops 
g % acceleration of gravity, 32.2 ft/sec® 
H = wave height, ft. 
“Hf = subseript "RH" referring to horizontal component 
h = totel depth of water 
I * moment of inertia, slug ft? 
I,% moment of inertia sbout object center of gravity, slugh ft? 
I' « virtual mess moment of inertia, slug ft.* 
“zy = subscript "I" referring to inertia component 
K = added mass coefficient 
k = spring constent, lbs/ft. 
L # wave length, ft. 
2 = moored radius of oscillation 
M = mass of displaced fluid, slugs 
M. 2 slacking Moment, ft. lbs. 
m + mass of test object, slugs 
~o=m 9 Subseript "mM" referring to muclmm value 
N = net buoyancy, Lbs. 
ig * Reynolds munbex 

nN, , Re = square law damping factor 
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iv 
~we. = subscript “o" referring to rigidly restrained conditions 
P = driving force, lbs. 

p = pressure, lbs/tt/* 
q * damped natural. frequency, radians /sec 
T © wave period, sec 
t %” time, sec 

u = herizentel component of particle velocity, ft/sec 
Vol = volume, ft? 

~, = mubscript "V" referring to vertical component 

V = vertical component of particle velocity, ft/sec 

x +s coordinate parallel to direction of wave propagation 
positive in direction of wave propegation, ft. 
3, % = coordinate perpendicular to direction of wave prom gation negative in 
dixection downward from vater free surface, &%. 

& (delta) = logarithmic decrement, damped free vibrations 
y (mu) = :—kinematic viscosity, ft°/sec 

a (ps) = 3.241.... 

@ (rho) = density, slugs /rt° 

¢ (signa) * wave angular frequency, radians /sec 

T (Twa) = torque, ft lbs. 

¢ (phi) «= phase shift engle, degrees 

Y {psi} © mooring line angle, degrees 

w (omega) = vadien frequency = 27° f, redians/sec 
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This study wes undertaken to determine the effect of shape and center- 
line depth on the dynamics of a moored submerged object in water waves, a 
problem which falls into the general class of forced vibrations dynamics. 


A single mored buoyant object of streamlined shape not possessing force 
and aft symmetry was considered in this investigation. The object will here-~ 
inafter be referred to es an ellipsoidal shape, The mooring configuration 
consisted of two essentially inelastic lines attached at either end of the 
body which uniquely prescrived the path of motion in a plane parailel to 
the direction of wave propogation. 


The motion of the object is due to a periodic wave force which is op- 
posed by the inertia force of the object, the combination of buoyancy and 
mooring system force, which acts as a spring (restoring force), end by vias- 
cous effects of the fluid. 


As in all vibration problems the most important dynamic parameter 

is the ratio of forcing frequency to the natural frequency. The natural 
frequency of the body when displaced from the equilibrium position in 
6till water, and then released, is a function of various characteristics 
of the object and its mooring system. When the ratio of forcing frequen- 
cy to natural frequency is near unity the system is said to be in reson- 
ence. In the problem under consideration 1t was found that the mooring 
forces and object motions depemied to a large extent on the ratio of the 


wave frequency to the natural frequency of the moored object. 
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This investigation was carried forth as an extension of a previous 
study conducted at the Hydrodynamics Laboratory of M.1.T. (2) in which a 
precise analysis of a spherical shape wes presented. As a result of the 
present study it is possible to compare the hydrodynamic effects of wave 
forees on a spherical and ellipsoidal shape with equivalent volums. 


An additional parameter introduced in the problem has been the varia- 
tion of centerline depth of the ellipsoidal shape. This was accomplished 
by changing the length of the mooring lines. The length of the mooring 
line plays an important role in determi ning the damping coefficient of 
the system. In addition the rigidly restrained force on the body is a 
function of centerline depth. 


This facet of the study was of interest in order to esteblish an 
optimum depth, with respect to hydrodynamic forces, at which to locate 
the body. 
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3. 


One objective of the experimental program was to determine the effect 
on mooring line forees and object motions due to varietions in the ratio of 
the wave frequency to the natural frequency of the object and thus to obtain 
results which could be compared with corresponding quantities found previous- 
ly for a spherical shape. A single wave of desired characteristics was em- 
ployed and varietion of the frequency ratio was realized by changing the 
weight of the object. Submergence of the object was changed by varying the 
length of the mooring lines in order to accomplish the second objective of 
the program, determination of the effect of centerline depth on force mag- 
nificetion. 


In order to obtain a measure of the mooring line force magnification 
with respect to the rigidly restrained force on the object in the same wave 
field, the object wes held stationary and the horizontal and vertical wave 
form components were measured by electrical transducers recorded on a 


Senborn cescillograph. 
° of 


The significant dimensions of the test program are shown in 
Figure 2 and Table I. 
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TABLE I TESY CONDITIONS 


Wave and Submergence Characteristics 


Centerline Wave Fre¢ 
Runs Height Ft. Length Ft. Period Sec. Freg Cps Depth Nat Fre q 


1-12 0.289 14.45 2.00 0.500 0.291 ft 0.833-2.78 
13.23 0.289 14 45 2.00 0.500 Q.720 ft 0.707-3.00 
24.35 0.289 Va 45 2.00 0.500 1.352 ft 06.548-1.69 


The wave steepness for these tests ig H/L = 0.02 
This wave was selected in order to serve as a basis for comparison with 


the analysis carried out by Shapiro (1), The small steepness allows the 


use of the first approximation expressions for the wave kinematics due 


to Airy which, according to Marlow (2) are valid up to a vave steepness of 
0.03. 






RUNS J}-J/2 1 ee 297." 
Ae f- 54 

RUNS [3-23 a 3 —0.720" 
A= |.) 


hea ft . (eR RUNS 24-35 2 = -l ouia7 
| Lz 0.479 
= -4—! — — i O= 0.2087 


h+3 B 
BO7TOM OF 
ORCE BALANCE | t WAVE TAW 
LELPT ITS IL OI SVU. TALL FD IGF OS FF 4044777 7 “S/S a 


FIGURE 2, TEST CONDITIONS 
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II THEORETICAL CONSIDERATIONS 
1. Introduction 


The theoretical development will, to a certain extent, parallel the de- 
velopment given by Shapiro (2), This is due to the fact that the physical 
systems and forces studied differ only with respect to shape, weight end 
centerline submergence of the object. The forces involved will be governed 
by the same fundamental laws of hydromechanics and vibrations. 


2. wave Motion Theory 


The hydrodynanic forces on .the object are the result of the water par- 
ticle velocities and accelerations in the wave system, hence it is appro- 
priate to consider the theoretical equations which will define these quan- 
tities. 

In the experimental procedure a wave of H/L ratio 0.02 was employed 
which can be successfully treated (>) reording to Airy's solution (3) 
for the small amplitude wave. The resulting equations for velocity and ac- 
celeration components, expressed in the notation of Pigure 1 are: 

“3 _ Cosh 27 (h--- 2) 


L sin ot - Um Sin «~t (1) 
Sinh 27 eee 2 
27 
Wi Ginh L (h -—- 2) cos ct = Wn cos ot (2) 
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The speed of wave form propagation or celerity is - 


Celerity=L *| $2 tanh 27h) 
¢ [eT L 


3. Wave Forces 


The force exerted on a subrerged rigidly restrained body is the re- 
guilt of inertial, gravitational and viscous effects. The inertial effect 
results from unsteady water particle motion deseribed by the above equa- 
tions. In addition there is a hydrodynamic drag force on the body which is 
the sum of surface and form drag and is due to the velocity of the fluid. 


For the purpose of analysis the total wave force may be separated into 
inertia and drag components with the sum being the total force, as given by 
O'Brien and Morison (4). 

Fiz Fy + ¥p (6) 

In this expression the inertia force can be shown, by potential flow 

theory, to have the following form - 


Fz = Cyp Vol oy (7) 


where the mass term p Vol. is the displaced volume of water and the coef- 
ficient C x includes the virtual mass effect and gravitational effects due 


to the pressure..gradient occurring in surface waves. 
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The drag force is given by 
Fy = Cy °/2 Area duh (8) 
where Cy is a function of shape end Reynolds nunber and erea is the pro- 
jected area of the body on e plane normal to the velocity. 


Equation (6) may be rewritten in terms of the weve particle velocity 


and acceleration expressions: 
Protea) 2 “MP Vol a cos ot Cy P/2 Area |ein t|eim oT (9) 


where © and C) are aseumed constant over ea wave cycle. 


= 
= 


Equation (9) may be employed to evaluate Cp and C_ using experinental 
results, but consideration mist be given to the relation between object end 
wave characteristics. This may be expressed as a dimenionless group known 
as the period parameter, %F- 


Keulegen and Carpenter (5) found that C. and C, are functions of the 
period parameter. At values of period parameter lees than 15 inertia forces 
ee een Se ee ae eS ae 
state value of the drag coefficient will epply. 


The period parameters involved in this series of tests are listed in 
Tavle II. They indicate that inertia forces may be expected to dominate 
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8. 
the total force on the object. It may be expected, therefore, that the in- 
ertia coefficient found by equation (9) will be in close agreement with the co- 
efficiemt given by potential flow theory while the drag coefficient may be ex- 
pected to differ from the steady state value. For the object shape involved 
in this study the potential flow theory coefficient of inertia will be of in- 
terest. Lendweber (6) gives the longitudinal inertia coefficient for a number 
of streamlined bodies not possessing fore and aft symmetry. By interpolation 
between two of these having almost identical proportions to the body which is 
the subject of this report, the longitudinal inertia coefficient is found as 


“(a/> = 5.6) = 0.053 (Cy = 1.053) 
This agrees, within 6%, to the inertia coefficient for an equivalent ellip- 
soid which is also given by Landweber 

K ellipsoid (a/b = 5.6) = 0.050 (Cy = 1.050) 

The steady state drag coefficient for an object of similar shape at the 
effective Reynolds numbers involved in the test runs (as given in Table III) 
may be found by extrapolation, from Rouse (7). 

— Hull (Re 2 x 109 - 4 x 10") - 0.10 + .08 

This value, however, may be expected to be in sharp disagreement with 
the value found from equation (9) due to the low value of period parameter. 
As will be shown, a better approximation for the drag coefficient 1s available 
through consideration of the free vibration characteristics of the object. 


The method of employing equation (9) is to set ot: 90° and 270°, 


where “ux 0, in order to evaluate Cp and set o+ = 0° and 180°, where 


Fim = O in order to evaluate C,. The separate terms of equation (9) and 


F F 


their component sums “HO and “VO are plotted over a wave cycle in Figure 3. 
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Figure 3. Superposition of Inertia and Drag to Give Total 
Wave Force 





TABLE II PERIOD PARAMETER 
VALUES FOR ELLIPSQID TESTS 


Rune Un 2/D Va 1/0 
1-12 5.62 2.30 
13-23 5.15 2.11 
2h-35 b.57 1.87 


In Table II the period parameter is found by substitution from e- 


quation (1) end (2) for Um and Vn. 


UT = TA Cosh 2 (h+z) (10) 
. D : 
— 


The maximum cross sectional diameter of the body is employed as the 


characteristic body dimension. 


The preceding discussion has equal validity for both the horizontal 
end vertical components of the total force. In the following develop- 
ment, the particular component under consideration will be identified in 
em equation by the subscript » for horizontal component.y for vertical 


component. 


4 Theory of Mechanical Vibrations 


Only those aspects of vibration theory which have direct application 
to the present problem will be considered. 
The submerged bucyant body may be treated as a single degree of free- 


dom system with a sinusoidally varying driving force and non-linear damping. 
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For the system thus described the differential equation of motion is 
given by Den Hartog (5) as 
mot’. epx*? + k x 2 Pom sin wt (12) 
where k x » Spring force 
epk” » Non Linear Demping force 
mx’ - Inertia force 


Fom ain wm - Driving force 


It may be mentioned briefly that, for the case of creeping flow, the 
dreg coefficient is inversely proportional to the Reynolds misber, and for 
this case, the damping force becomes linear. The exact solution for the 
linearized equation is know (4) but epplied te viscous damping only at 
very low Reynolds numbers. ft moderate Reynolds nusbers, which obtain in 
the present study, the drag force becomes proportional to the. square of the 
velocity and the non-linear equation (11) must be employed to describe the 
motion. 

By substituting an equivalent linear damping coefficient, c,,for the 
square low damping coefficient, co, Jacobsen (9) wea able to develop en 
approximate solution to the non-linear equation (11). With this substitu- 
tion equation (11) reduces to 

mk’ + ¢)%°+ kx = Pom sin wt (12) 

The determination of the damping coefficient, c; , will permit the solu- 
tion of equation (12) by nethods analagous to the solution of the linear dif- 
ferential vibrations equation. 
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Jacobsen evaluated the equivalent damping coefficient by the criterion 
of equivalent dissipative work done during a cycle, assuming the oacilla- 
tion of the wass to be sinusoidal. The equation relating co end c, is 


e xn 
Km (¢x) dx ~ de Ox} ax 
wef SP ® as 
oO 
.# 


where X= is the maximim amplitude of motion. The solution of equation (13 is 
Cy + Co 8 x @ 
Sr (1h) 
The particuler solution of interest for equation (12) with c, defined by 
equation (14) is 
X= X_ cos (wt - p) (15) 


3 


where now 


2h 4 denis eg 
ad ny 2 c (27) 


n 


The phase shift is given by 


aap - 


where © is the angle by which the oscillations are out of phase with the 
driving force. 
Figure 4 19 a of the miltiplication factor versus frequency ratio 
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14. 
as computed from equation (16) for various values of the parameter Dos 
The phase shift as given by equation (18) is plotted in Figure 5. 


3. A#palysis of the Ellipsoidal Problem 


fhe analysis of the buoyact ellipsoid will be treated essentially as 
@ problem of vibrations dynamics subjected to quadratic damping. This method 


was used successfully by Shapiro (1) in the sphere analysis problem. 
a. Free Oscillation 
It is necessary first to consider free oscillations of the submerged 


object in order to identify forces acting on the system. Figure 6 is a de- 
finition sketch for the submerged ellipsoid analysis. Newton's second law 
ia written in the tangential direction for the element of mass dm 
@ Force = am 
where y is the angular acceleration. 
Multiplying both sides of the equation by \ gives 
a Torque - A“ am 
Noting that Sf fr*en z= I, moment of inertia of the body about point 0; 
integration over the volume of the body yields 
T:2ty (19) 
which is ean expression of Newton's second law for rotating bodies. The 
torque, * , is the summation of the torques due to all the forces acting 
on the object. In order these are the buoyent force torque or "spring torque” 
Spring Torqie - — (N,) 2 =-N 2 sin 
2: -(Vol pg - ng) 2 siny (20) 
end the virtual mass torque which accounts for a body of fluid the same size 
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and shape as the actual body but having a mass equal to K times the mass 
of the fluid. 
Virtual Mass Torque =-I' | (21) 
where I' is the moment of inertia of the fluid body about point 0. 
Sumaing these two torques equation (19) becomes 
-I'y - (Yol pg - mg) sin yp = Iv 
or (1+1')Y + (Vol pg - mg) Lsin Y «0 (22) 
If the angle JY is assumed to be small, then 
sin! ~ tan Y we (23) 
eos Y* / 
which permits equation (22) to be written as 
(I+I')Y + (Vol pg -mg)2W 20 


or AY + BW 20 (24) 
where Az I + 1' (25) 
and B- (Vol pg - mg) 2 (26) 


The solution for an equation identical in form to equation (23) is 


given by Den Hartog (8) and is applied here to equation (2%). 
sii (27) 


baad 


Y= Vn ws i 
The motion is sinusoidal with emplitude or maxinum angle ¥, and 
frequency 


/2, 
fnh2z le H 


pit (A (28) 
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Equation (28) will be the basis for the predicted natural frequency of 
the object. This is an approximation since the freely vibrating object is 
subject to damping, and the natural frequency, f, depends on the ratio of 
the demping coefficient to the critical damping coefficient. However, for 
small demping (C/o, < 9:2), whieh prevails for the conditions of the pre- 
sent study, the damped natural frequency very nearly equals the undamped 
natural frequency, this constitutes the justification for the use of equa- 
tion (28) one though demping is present. 


A semple calculation of the undemped natural frequency from equation 
(28) including the evalustion of the constant A is presented in Appendix A. 


% 


b. Forced Oscillation 
fhe forced oscillation of a bucyant submerged object with quadratic 


darping is a complicated problem and requires a systematic approach. The 
flow field in waves is describee by equations (1) through (4). All the 
torques which act on the system mst be consicered. The technique will be 
to evaluate these torques and substitute their sum into equetion (19). AB 
additional condition to be kept in mind is thet the object will have rela- 


tive notion with respect to the fluid aud a fixed reference point. 


1) Spring Torque 
This is given by equation (20) 
Spring Torque = - (Vol pg - mg) 2 sin Y 
2) Pressure Gradient Torque 
This torque depends on the acceleration and the mass of the dis- 
placed fluid. The total torque ia the swn of the horizontal and vertical 


pressure pradient force components in the tangential direction. 


Pressure gradient torque = Vol p E cos ~- - gin |) )2 (29) 





eS eee eee 





oldesheup dthv tonto wee surged & Be mpiseiieen boom at = 
edt .danerig@ otdumieys 9 aeriupot bea emisboig besevlignoo » ob yutquad 
out £00 (4) daworatt (1) cuoktempe yi Setitnomnd 5! aevey ot sel? whit 
of ity gpiniwe sit EE, AS a RS ot ie OP eee 
WA = .(2L) cottanpe oftl aue “ised aswticedia be weuprat eaedt steutuvs of 
~alee wen Jody Seedy sit fede at Belh ms fee ed W eeleeines Ceotl lita 


.dalog Sacerstet bectt » Bas Lint? ait of Seyast Oty abETaN evry 
* iipset matted (2 
= ~~ (eee a ee 
a ae + mpTeT gaiags 
(3 
i> 





ade Un sein ois etch 00 eC wane 
faoterrev fem ietneslvod wit to ave 6d? 3) sopre? Ietot wR .btult beontg 
Oks) Leioreageet ods oo). eteesoges pornt Jostherg mresetg 


(eS) GU mie = \Y #es 218 tol . compres tnetbey swesetl 


Lie 
Involved in the equation is the implicit assumption that the fluid ac- 
celeration is constant over the cross section of the body and is equal to 
the value at the center when | « 0 


3) Virtual Mass To 
The virtual mass torque depends upon the relative acceleration 
between the fluid and the object and is written 


Virtual ass torque - I'y + Kvole Ms ony = Se stay (30) 
t t 


where I' is as defined in connection with equation (21) 


4) Damping Torque 5 
The damping torque depends on the relative velocity of cbject and 





fluid in the tangential direction 

Damping torque - eat] jt +ecssy-vsnih| ot oa -v sind sa) 

The four torques described above may now be added and the result 

equated to I) in equation (19) 

=7T=-=1 
However, in order to simplify this summation the following assumptions 
are made. 

Assumption 1. The vertical component of the mooring line force is 
equal to the net buoyancy, N. This is valid if the vertical dynamic 
wave force F, is ewall with respect to net buoyancy. By this device 
terms containing vertical components of velocity and acceleration may 
be neglected. 
Assumption 2. The drag wave force component is small with respect to 
the inertia wave force component. This has been shown to be valid for 
Small values of the period parameter. Period parameters for the ex- 
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183 
perimental runs in this report, as seen from Table II, are less than 15 and 
may be treated, approximately, es “small.” 


Assumption 3. The mooring line angle () » 16 small. This allows use of the 
small engle approximations for sin and cos () 


Making use of the foregoing assumptions the result of the addition of 
torques and subsequent substitution into equation (19) is 


(I +1") +Cp (p1)*2+[(vor pg ~ me] Ly - (CK +2) vo» ga} f (32) 


In equation (32) the term on the right hand side represents the product of 
the horizontal sinusoidally omyue forcing function on the object and the 
radius of oscillation end is the exciting torque. 

Therefore equation (32), the differential equation of motion, becomes 


Ai) + Col +BY «= Fhoml Coss (33) 
where 

A+I+1' 

B = (Vol pg - mg) 2 

Cy = eof? 


Filion - [(K + 2) ws. ol, 
2 27Tt = 27 ft 2 wt 


In the previous equations, the subscript “o" denotes rigidly restrained 
Values and the subscript “m" denotes maximum values. 

Equation (33) is identical in form to equation (11) with the substitu- 
tion of parameters of the present problem, therefore, Jacobsen's solution 


may be applied. 
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Figure 6. Definition Sketch - Submerged Object 





Figure 7. Free Vibration of a System with Damping Less than 
the Critical Damping Value 





The solution is 
p= Ym eos (e- >) ce 
by enalogy with equation (15) | 
where 4 j 3 
ly f - (1+40/¢ 
8 Be recterne (Ot fs Yd 


and 
¢ 4 


42 f/f, ye 
‘anf + 4 + , “1 (36) 
1-(£/£,,) ) 


Figures 4 and 5 graphically represent equations (35) and (36) respectively. 
By comparison with equation (17) 


(35) 


2c rf 
Qo = _ 2 k 
3 SFr f,, 
where C., is defined as presented in equation (33). The constant C, is found 
from the drag force equation (8) with the cross sectional area of the object 


inserted. 

FD = ¢ 1 

Nd Pao Jul u (37) 
2 
Therefore 
o 4 
n= _2 Gok Dd f Filom 
= 12 2 Re fn (38) 


6. Determination of Test Object Drag Coefficient 


It is necessary to obtain as accurate a determination for the drag coeffi- 
client, C,, as possible. The data presented by Rouse do not extend to the range 
of Reynolds numbers in this study and further inaccuracy is involved,in attempt- 
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@l. 
ing to make use of this data, due to the presence of stabilizing fins and 


mooring appendages om the test object. Also it was shown earlier that for low 
values of the period parameter, as obtained in these tests, the steady state 
@rag coefficient became increasingly inaccurate. 

However, consideration of the experimentally observed free vibrations of 
the test object offer a means for obtaining reasonably accurate values for the 
drag coefficient. The steady flow hydrodynamic drag force is given by equa- 
tien (37) 


P.-C, P p al u (37) 
38) D ra) 7. | 


Por the case of linear damping, which will occur at very low Reynolds nurbers, 


a, ~ Constant 

D = (39) 

where CD - Cy) (Reynolds number, shape) and Reynolds muber is defined as 
2 uD CQ 


YY 
Substitution of these expressions into (37) yields 


FHD - Constent / ( 77 m (42) 


Cc, 
The bracketed expression is defined as the linear daming coefficient. 
For the case of torsional free vibrations with linear damping the dif- 
ferential equation of motion becomes 
AD + Gy + BY «0 (42) 
where A, and B are defined as in equation (33) and 
c.¢, 
The colution for an equation of this form, with demping less than criti- 
cal, is given by Den Hartog (3) 
- C't 


eA 
ye (Cc: cos gt + Ch sin gt ) (43) 
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where Cj} end cf ere arbitrary complex constants and 


estTeels - &* * (4h ) 
2 6A “kA & 


This is the solution for a demping smaller than C.° It consists of two fac- 
tors, the first a decreasing exponential and the second a sine wave. The com- 
bined result is a “demped sine wave" lying in the space between the exponen- 
tial curve and its mirrored image as shown in Figure 7 after Den Hartog. 

The rate of thie dying down is of interest end can be calculated in a 
simple manner by considering any two consecutive maxima of the curve A-B, 
B-C, etc. During the tim interval between two such maxima, i.e. during 277 
seconds, the amplitude of the vibration diminishes from _-Ci/pgt to 
52 A(t + 27 ) The latter of these two expressions is seen to be equal to 
the first one muitaplied by the constant factor e Ft » which factor na- 
turally is smaller than unity. This factor is the seme for any two consecu- 
tive maxima, independent of the amplitude of vibration or of the time. The 





ratio between two consecutive mmcima is constant, the amplitude decreases in a 
@eumetric series. 
If J, is the n th maximum amplitude during a vibration and /,,, is the 


next maximum then 


-71¢, 
) —_ = p € “AT (45) 
or 
WV, a7 7G, pd 
A ao * ay? © (46) 


where s is known as the logarithmic decrement. 
Equation (46) may be evaluated for oF 


Cc, > 2 A fg 4, Wu 
Va (47) 


There reneins to be established a relation between C;, the linear coeffici- 
ent of demping and Co, the quadratic coefficient of damping from which the 
coefficient of drag, Cp, may be evaluated. For the case of linear vibration 





sft Ye ssimce ES a ALSO gant soe eh a 


<S 9 AR ae 9 bengeD tt ten Sat irecngen animneyaae 
spun aakapadinh eadbavemet tiated 
ee ROPE, oi, com T epg at meoda we agent bavcertia: ad: lip freue Labs 


nbc @- shes enpehonh oh alin a 
— (-& ero oe) To ethum avicubeaago ows ym 


Rf net 2.1 gminae (ee ows avewied Leviednt mets 
‘Tug ws camremerwe amaserune 


Niesee Maansenagrality eal 
pe Gig tp.) 9 mesaw tomtuan> ath -— SF 
ows yes 10% nme wld at toto? eld? AAS cay, plane A WEEE 


ef onl) ait Yo ro aciéewiiy Yo whips wy Ww duabomgebe: aca aves 
ve ee 














.aeite® ofp 
out at aptemnfemaptepbaticiee sain —— 
— SS oe | Sto =F 
(aH) — % a vey Ny , 
(34) ~= apes ore ~ 
hin Mins cain 3 ores 

AReee are, — (Sart Sehioten ‘od te CH) wot: 
pm Qe «= 8 - 

(V4) ae ee ’ 


|atpe Teco mumil abr .)9 cwmwted woidales @ dadajldmjas oo ot anlamwr enact 
edt dotdw aext gpitqeet w& tuelolitems alieibesy wy .o) foe puilgue to tas 
colijewdiv Weall Io sees aly 20% | betesivve od Wm (40 eed to taelstTbsos 


23. 
this relation was presented in section 3 equation (14). Following Jacob- 


sen's criterion of equivalent dissipative work done during a cycle, an analo- 
gous expression can be derived for the condition of torsional vibration. 
Yor the case of angular velocity 
usVh=zhW mex weos wt (48) 
Substituting this expression into equation (41) yields 


tent) p mpt eos Wt (49) 





Fyp = D max 


The demping torque for this motion can now be expreseed as 


+ Fp f =| Sousa yet 0 ans Weoa Wt (50) 
——— sr 


Cr 
where the expression in brackets is the coefficient C, modifying in 


equation (42). 


The work over one cycle is 


max 
Work - sf Kady (51) 
° 
but AY = ye Wy 208 Wt & | (52) 
The limits are 
at yp - O © FCe-0 
t= 7 , +. 
=) mae i" * me ° my 
Therefore the work over one cycle for linear damping is 
os 5 ¢ 
Work = 4 C, y Se ©” cen at at «ff, y 2 ww (53) 


For the case of al damping the torque may be expressed as 


7: %m f =[ p a4" lw) w 


C 


(54) 
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where the expression in brackets is the coefficient Co modifying in 


equation (33) 
The work over one cycle is 
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Equating (53) and (95) 
86 dma % (56) 
which ie similar to equation (14). 
Substituting this expression into equation (47) and re-arranging terms 
yields 
C5= 30% = 3A mn_Yy (57) 
a) () mec tT pwl? \ mx WU ., 


where Ais defined as in equation (33) end from Figure 6 
= 


V max = tan eo (58) 


J approximately 
From Assumption 1, Fy + N is/equal to the net buoyancy of the object and 


Fy may be measured from experimental results. 

A sample calculation for the coefficient of drag from equation (57) 
is presented in Appendix B. 

Over limited ranges of Reynolds numbers Cy may be considered a constant. 
It will be of value to establish the order of Reynolds mumbers based on maxi- 
mum object velocity for a range of engles of cscillation. In this computa- 
tion the ellipsoid is assumed to be oscillating sinusoidally at a frequency 
of 0.5 cycles per second which is the wave frequency for all test runs. The 
redius of oscillation is as indicated. The angular displacement of the body 
is Jo Wy sina ft (59) 
By differentiation, the angular velocity is 

VY Vm 27 £ cos 27 ft (60) 
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ao. 
The maximum tengential velocity is therefore 


Un > ser 20, % (61) 
The Reynolds mumber based on the maximum velocity is 
i. s me: eases (62) 


The kinematic nate PP aa > tt 2/gee. 
The Reynolds numbers computed on the above basis are presented in Table ITI 


TABLE ITI REYNOLDS NUMBERS FOR TYPICAL TEST CONDITIONS 
‘Diemeter =< 0.008 ft y- 107 £t=/sec $= 0.5 eps 
Maximum angle of motion lds No.Eq.(62) “D -Rouse (7) 
5? O.b79 f 2.725 x 10> 0.100 
10° 0.479 5.450 x 103 0.095 
20° 0.479 1.090 x 10" 0.095 
5° 1.112 6.350 x 103 0.095 
10° 1.112 1.270 x 10° 0.095 
2p 1.112 2.540 x 104 0.090 
5° 1.540 8.790 x 103 0.095 
10° 1.540 1.756 x 10° 0.090 
20° 1.540 3.516 x 10" 0.085 


Velues of Cy) corresponding to the computed Reynolds numbers in Table III 
were obtained from Rouse (7)/ However, as has been previously demonstrated, 
for the period parameters of the experimental work, steady state values for 
the coefficient of drag are not reliable. These have been included to permit 
comparison with values for the drag coefficient obtained from equation (57). 


Two conclusions may be drawn from Table III, the possibility of linear viscous 


demping being present is eliminated at the expected Reynolds numbers and over 
the range of Reynolds numbers involved, CD is fairly constant. 
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7 Effect of Variation of Mooring Line Length 26. 


The length of the test object mooring line is an importent parameter af- 
fecting the damping factor, coefficient of drag and natural frequency of the object 

With increasing cemterline depth the fixed object will encounter reduced 
water perticie velocities and leas interaction with the fluid - air interface, 
these two factors will act to reduce total hydrodynamic force. in the parti- 
ally restrained condition, shortening the length of the mooring lines will lead 
to higher natural frequencies. The effect on the damping factor, No, includes 
an affect arising from a change in the coefficient of drag since No is a func- 
tion of Cy as well as "2". Equation (57) indicates that Cp Will increase ac 
" 0" gecreases therefore these two veriables will have a conflicting influence 
ern the damping factor. At some @epth it may be expected that one of the two 
will become the controlling influence. 

The objective of this portion of the test program will be to determine 
en optimum centerline depth for the location of the object with respect to ac- 
tual maximun hydrodynamic force. 

The theoretical development, as previously presented, will lead to a pre- 


at Value o: 
ao aa ae for each test depth. On this and the basis of the 
Riax 


measured rigidly restrained force the maximum hydrodynamic force at each 
depth can be predicted and the relation of Fy, and depth constructed. 
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al. 
lid EXPERIMENTAL EQUIPMENT 


i. Wave Wave Generator 


The M.1.T. Hydrodynamics wave channel, which was used in this study, 
is a steel framed structure with a working section 30 inches wide, 36 in- 
ches deep and 90 feet long. The side walls of the channel consist of 
1/2 inch plate glass over the whole 90 feet. The bottom is horizontal with 
a 4O foot section of 1/2 inch plate glass beginning 16 feet from the gene- 
rator end and with the remaining section of 1/4 inch steel plate. A model 
beach made of transite plates occupies the last 35 feet of the tank and 
is supported on a steel framework at a slope of 15 horizontal to 1 verti- 
cal. The beach serves as an energy absorber and limits undesirable wave 
reflections. Figure 8 is a photograph of the wave tank 


The channel is equipped with a hydraulically controlled piston-type 
wave generator, Figures9 end 10, for generating shallow water waves. The 
generator proper consists of a horizontal aluminum piston with a vertical 
face, rigidly suspended from a rail-mounted carriage on top of the en- 
trance box. The carriage-piston assembly is actuated by a cam-operated 
hydraulic servomechanism providing variation in frequency and stroke and 
this wave length and height during operation of the generator. 


Use of a servomechanism permits a choice of the displacement - time 
curve for the generator piston. wave heights are controlled by varying 
the position of the cam contact point on the follower. Wave periods are 
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23. 
controlled by varying the speed of the cam rotor. 
An expended Alwninum wave filter, Figure 11, 4 feet long, is used to 
dampen the minor surface distmerbances on the generated waves. 


The wave channel is equipped with a shock-vounted movable test stand 
containing a dynamic balance for measurement of lift, drag and moment on 
iemersed bodies. Strain gage bridges are used as transducers in sorment 
cet Chitin Gittemdth tpunineess ee end tm On A Gnd Gas 
surement of wave profile is accomplished by means of resistance probes. 


9 


A miltichennel Senborn Model 150, direct recording ogeillograph, e- 
qaipped with 2400 eps, 6 volt output pre-emplifiers was used for the study. 
The recorder is shown in Figure l2. It is equipped with heated stylii and 
records four traces similtamecusly on plastic coated heat sensitive paper. 
A Tifth stylus is provided which records one second pulses along one margin. 
A wide choice of paper speeds are evailable, from 0.25 to 100 mm/sec by use 
of a cluteh and gear shift lever arrangement. Attenuation of the amplifier 
output signal is provided in steps of 2 and 5 from full signal to 1/20 of 
full output. 


A cross section of the mdel is shown in Pigure 13. The model was con- 
structed in three sections. The fore and after sections being constructed 
of white pine and the middle body consisting of 25 inch cutside diameter 
lucite tubing fitted with a drilled and tapped 1/2 inch diameter hole which 
was used for filling thisaection with a weighting substance or for attach- 
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Figure 12. Test Stand and Recorder 
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Figure 13. Test Model 





st 
ing the model to a rod for the rigidly restrained test. The three sections 
were joined together by press fitting. The joints were sufficiently tight 
to withstand testing stresses but had to be sealed with modeling clay in 
order to maintain water tightness. The wood fore and aft sections were fitted 
with mooring line attachments consisting of brass screws, fishing swivels and 
fishing clips. In order t© reduce undesired transverse motion of the test ob- 
ject it was found necessary to utilize stablilizing fins. These consisted 
of 1/32 inch thick galvanized sheet metal shaped to conform to the contour 


of the body. 


Aa stated in the introduction, it was desired to change the natural 
frequency of the test object by varying the weight. This was accomlished 
by filling the hollow lucite middle section with materials of various den- 
sities. The filler densities required to give an even gradiation of weight 
through eleven increments, from the model weight erpty to the weight which 
corresponded to a condition of neutral dDuoyancy, were calculated. It was 
determined that eleven different densities varying from 0.1583 to 1.745 
gua/ce would be required. 70 provide these mixtures of sawdust (density « 
0.160 gms/ec), a commercially available dry detergent (density - 0.345 gms/ec) 
granulated salt (density - 1.216 gms/cc) and send (density 1.610 gms/cc)were 
used. Buckshot (density 6.415 gms/cc) was added to sand to produce the 
highest densities. 


Wire fish leader lines were used in the mooring arrangement. These 
are attached by fishing clips and swivels to the brass screws secured to each 
end of the body. A brass bolt with swivels soldered to one end served to se~ 


cure the mooring lines to the mooring force balame. 
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For the rigidly restrained tests, the body was supported from the test 
stend as shown in Figures 14 end 15. The 3/4 inch support rod was not shielded 
end separate “tare” runs for each restrained test were made in order to deter- 
mine both horizontal end vertical forces due to the rod alone so that these 
could be deducted from the net force mengured with the body attached. 


4. Instrumentation 

a. Wave Characteristics 

The wave characteristics of primary importence in this study were the 
wave height end period. A complete wave profile was also required to relate 
the experizental force histories*to the wave phase angle. Wave characteris- 
tics were reasured electronically by a resistance type wave gage shown sche- 
matically in Figure 16. The ective elements of the gage are two vertical 
platinum wires, insulated from each other. When they are pertially iomersed 
in water a flow of current occurs between them which is proportional to the 
depth of inmersion. The wave gage was calibrated before each series of test 





Horizontal weve force components on the model were measured by means 
of a shear balance hereafter referred to as the portal gage. Figures 17 and 
18 show the portal gage which consists of two vertical parallel webs clamped 
vetween two rigid horizontal plates. The horizontal component of the force 
on the object is tranamitted in shear to the lower plate of the portel gage, 
which moves horlzontally an asount directly proportional to the force on 
the object. <A Schaevitziinear Variable Differential Transformer is used to 
convert, the displacement of the bottom gage plate relative to the top plate 
into an electrical signal which is emplified and recorded. 
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b) Schematic of Wave Gage ec) Circuit Diagram 


Fig.16. Resistance Wave Gage. 
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This design of the portal gage results in a high resistance to bending de- 
flections. Thus, the gage is for all practical purposes insensitive to 
bending moment and produces m output independent cf the distance between 
the gage and the point of application of the force. 

The gage was calibrated statically by means of a pulley system and has 
® sensitivity of 21 m/lb at an attemuation of x20 referred to the Sanborn 


recoréerfor which full scale ist25 mm. 


Vertical wave force components were measured by a Lift Gage. Pigures 
19 and 20. The force on the object is transmitted to the gage by an alumi- 
mum rod clamped rigidly to the body of the gage. The vertical force causes 
the centerspart of the gage to move vertically with respect to the gage body 
This mtion is converted to an electrical output by means of a Type 0.005M-L 
Schaevitz L.V.pT. 

The gage was calibrated statically by attaching weights to the object 
support red installed below it. It has a sensitivity referred to the re- 
corder of 21 mm/lb at an attenuation of x10. 


c. Forces on Partially Restrainec Objects 
A two component force balance, Figures 21 and 22, was used in the ex- 


periments to meesure bota the horizontal and vertical components of moor- 
ing line tension. This balance was constructed on the force beam principle. 


It consists of two force beamg perpendicular to one another, each with its own 





four active arm strain gage bridge. The horizontal outer beam is sensitive 
to the vertical component and the inner vertical beam ig sensitive to the 


horizontal component.of force. 
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Figure 21. Two Component Balance 
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Figure 22. Two Component Balance Schematic 
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The sensitivity and deflection characteristics of the two component 
balance are as follows: 
Horizontal: Sensitivity 27 ma/1b at x 20 
Deflection 0.07 in/lb 
Vertical: Sensitivity 2h mm/1b at x 10 
Deflection 0.019 in/ib 
The two component force balance was calibrated using a pulley system 
with the calibration line at en angle of 45°. In this way, the two portions 
of the gage were calibrated simaltaneously, the force applied to each being 


equal to he times the applied load. Sample calibrations are given in Figure 23. 


~- 


The two component balance was attached to an aluminum bar, Figure 24, 


which in turn was bolted to the bottom of the flwne. 
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Figure 24. Two Component Balance Holder 
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Figure 23. Two Component Balance, Sample Calibration Curve 





Figure 25. Test in Progress 
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IV TEST PROCEDURE 
1. Rigidly Restrained Tests 


For each series of runs at a specified object ce,terline depth a cor- 
responding rigidly reetrained test was conducted. The water level in the 
wave tenk was maintained at two feet for all tests. By using various com 
binations of sections of the 3/4" aluminum support rod the object was lo- 
cated eat the proper depth with respect to the free surface. The force gages 
were calibrated prior to each rum et the expected attenuations. Two resist-~- 
ance type wave gages were used in all tests, one at the test stand and the 
other one vevelength downstrean. The wave generator control settings, ne- 
cessary to produce waves of the desired dimensions, had been previously es- 
tablished by experiment, minor adjustments were wede as neceseary prior to 
each run. The wave height wae checked by a wave gage which vas calibrated 
prior to each series of runs. Weve period was checked from the vave gage 
trace by counting the number of waves in 50™ of record at a paper speed of 
i™ ver second. Proper wave period and wavemaker stroke established proper 
wave beight - and length. 

The electronic gage circuits were belanced and zeroed with the test 
object in place and the wave generator wes started. The test was um after 
@ final check of the wave beight and period. A test consisted of ten con- 
seeutive waves with the recorder run at 50™ per second. Upen completion 
of the test, the wave generator was stopped but date recording was continued 
at a reduced paper speed until the water in the flume became caln. This 
was done to see if any shift in the force trace sero readings had oceurred 


in the course of the test. A tare run was made in connection with each 


te 
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he, 
rigidly restrained test in order to measure forces on the support alone so 


that these could later be subtracted from the net force measured during 


the test. 


2. Partially Restrained Tests 

In preparation for the partially restrained tests, the two component 
mooring force balence holder was fixed in place in the wave tank and was 
calibrated. A resistance wave gage was secured at the same channel loca- 
tion as the force balence and another wave gage was located one wave length 
downstream. The hollow middle section of the test object was filled with 


the proper filler mixture ,weighed .and connected to the force balance. 


Prior to each run, a natural frequency determination was made. This 
was done by manually displacing the test object from its equilibrium po- 
sition in still water and releasing it. As the object oscillated, a re- 
cord was made of the horizontal mooring force component at slow ear speed. 
The natural frequency was determined from the number of oscillations in a 
given length of record. 

The wave height and period were adjusted before each run and the test 
was then conducted in a manner similar to the rigidly restrained tests. 
Preliminery data reduction was conducted during the course of each run to 
detect errors and insure an even spacing of the experimental data points. 


A test in progress is shown in Figure 25. 


As in the rigidly restrained tests, the depth of water in the tank 
was maintained at two feet for all runs. There were twelve runs at each 
of the three separate mooring depths. The use of fishing clips facili- 


tated changing of the mooring lines. 
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VV EVALUATION OF DATA 


1, Primary Bata Reduction 


a. Natural Frequency Data 
Natural frequencies were determined from horizontal mooring line ten- 


gion component traces made with the test object in free oscillation. A 
sample free oscillation record is presented in Figure 26. The average na- 
tural frequency of 20 or more oscillations was obtained by the use of the 
following formula: 

Natural Frequency -: No. of socit ations in 50% x Paper Speed(un/,., ) 
Application of the above formula to different portions of the free oscilla- 
tion record showed the natural frequency to be independent of the amplitude 
of free oscillation but less reiiance was placed on the measurements as 
the amplitude of the oscillations became small and died out. 


dD. Wave and Force Data 


Most of the experimental data in this study were obtained in the form 
of oscillograph records. Figure 27 is a portion of an oscillograph test re- 
cord. The data recorded are the wave treces at the object and one wave length 
downstream from the object, and the horizontal and vertical mooring line ten- 
sion components. 

Primary reduction of the test records consisted of determining the wave 
period and maximum force component values. Where required, the complete 
force component histories were obtained from the records. The wave period 
was determined from the portion af the record run at slow speed using the 
following formulae. 


Wave Frequency = Number of waves in 50™ x paper speed (mm/sec) 
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Period 5 Py 
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Figure 26. Free Oscillation Record 
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Figure 27. Sample Test Record 





ks. 
The wave period desired for all runs was 2 seconds. per cycle. This 
value was maintained to within + 2% by careful measurement in accordance 


with the above formulae before each run. 


The maximum force values for each run were determined by averaging 
the maxima for a number of waves and converting the resulting value to force 
units by means of the force balance calibration curve. In order to obtain 
the entire force history from the test record, it was first necessary to con- 
struct a wave phase angle scale on the force record, This was done by lo- 
cating successive crests on the trace and dividing the distance between then 
inte even increments, usually 90° increments were sufficient. The forces 
corresponding to e desired phase _- could then be read from the trace 
at each location. For a desired force history the average of several waves 
was employed to compensate for small differences between successive waves 
resulting from unevenness in the wave generator operation. The final step 
in the procedure was the conversion of the average trace readings toforce 


units by means of the force balance calibration curves. 


=. Secondary Data Reduction 


@. Rigidly Restrained Tests 


The rigidly restrained tests yielded oscillograph records similar to 
the ones shown in Figure 27. The data recorded included wave traces at the 
object and one wavelength downstream, and the total horizontal and vertical 
wave force components on test object and support red. Tare tests on the 
support rod alone provided the necessary data to reduce, from the gross mea~ 


sured force, the net wave force component history due to the presence of the 


body. 
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Prom the horizontal wave force component history on the stationary ob- 

ject experimental inertia and drag force coefficients were determined mak-~- 
ing use of equations presented in the theoretical development. These are re- 


peated for convenience. 


Fo = FHI + FHD (6) 

or as given by equation (9) 

Filo - Cz Vol au) cos ot + Cp g Aven Uy |ein ct|sinct (9) 
Equations (1) and (3) define v and yy respectively. 
At ot = 0° end 180° FH, is zero by ahi (9) 
and the quantity C_ may be expressed in terms of FH, which can be read di- 
rectly from the force trace history. At st = 90° and 270° FHi is zero and 
equation (9) can be solved for Cy in terms of FH,. These calculations vere 
performed in order to provide values for comparison with the potential flow 
theory inertia coefficient and steady state drag coefficient as determined 
by the means outlined in the following paragraph. 

Values for the drag coefficient were also found by measurement of the 
decremental decay of the natural frequency tests and application of equa- 
tion (57) of the theoretical development, 


v. Partially Restrained Tests 


By using the average of at least ten waves the maximum total force com- 
ponents, both vertical end horizontal, were obtained from the oscillograph 
records for each run. 

For several of the partially restrained tests the mooring line angle 
was determined from the experimental date. As seen in Figure 6, the angle 
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47. 


is related to the mooring line tension components by the equation 


Y = ten ~ mH (58) 


where Fii cen be meesured from the experimental record and F, + H is @p- 
roximately equal to the net buoyancy of the object for a given run. 
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The purpose of the rigidly restrained tests is to establish the theoreti- 
eal condition of force for the ratio f/f, = 0. The maximum rigidly restrained 
force is, in eddition, e peraseter in the determination of the damping factor 
te» equation (32) 


The maxims positive and negative experimental net forces on the body 
are not equal although the theoretical force equation (9), and the equivalent 
expression for vertical force, yield equal positive and negative maxima. The 
regults, in this case however, ate not surprising in view of the unsymetri- 
eal fore and aft shape of the body. The difference will be taken into a- 
count in the formation of experimental force miltiplication factors for the 
dynamic tests where both positive and negative factors will be calculated 
using the appropriate static test results. 


The principal results of the rigidly restrained tests, the horiconteal 
and vertical component maxiea, both positive end negative, are presented in 
Table IV. For later use in theoretical calculations, the average maximum 
values were computed and are also tabulated, 
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49. 
TABLE ITV MAXIMUM RIGIDLY RESTRAINED FORCES 





Horizontal Vertical 
Test Pos (lbs) Neg (lbs) Ave (ibs) Pos (lbs) Neg (ibs) Ave (lds) 
1-12 0.1142 0.1100 0.1121 0.0968 0.0859 0.0914 
13-23 0.1233 0.1102 0.2118 0.0k8h 0.0386 0.0435 
24.35 0.1102 0.0882 0.0992 0.02h2 0.0198 0.0220 


From the experimental horizontal force component histories inertia and 
drag coefficients were calculeted, through the use of equetion (9) and the 
method outlined in Chapter V. The-values for the inertia coefficients agres 
favorably with the value predicted by potential theory, that is Cy =» 1.053. 
As previously noted, however, drag coefficients computed in this manner may be 
subject to excessive error due to the low drag conditions indicated by the 
period parameters; they were in fact, found to be much higher than would ap- 
pear reasonable. The average value will be compared to the average drag co- 
efficient computed from the decremental decay found in the observation of na- 
tural frequencies. 

The results of these calculations are presented in Table V along with 


the period parameters and the effective Reynolds number of each series of tests. 
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pier 
TABLE V_ EXPERIMENTAL COEFFICIENTS OF INERTIA AND DRAG 


Test Un t/D green Cm Eq (9) ave value Cp Bg (9) ave value 


1-12 5.62 1.758 x 10" 1.077 1.830 
19-23 «45.15 i«ia TO wR 10% ~— 2.070 1.460 
2h. 35 4.57 5.450 x 10° 1.073 1.004 


2. Partially Restrained Tests 


a. Natural vencies 


For each partially restrained test, a natural frequency measurement was 
made. The experimental natural frequencies are plotted against total weight 
for each of the three series of test runs in Figure 28. Also shown are the 
theoretical undamped natural frequencies computed from equation (23) eas 
shown in Appendix A. For these computations an added mase coefficient of 
0.05, the potential flow value was used. Good agreement between theory and 
experinent was obtained. 


o. Coefficients of Drag from Natural Frequency 

A persistent problem in this investigation was the establishment of an 
accurate value for the drag coefficient of the test body. The data pre- 
sented by Rouse, which has been previously cited, is for a body of similar 
shape but is of dubious value, except for comparative purposes, since it 
is for the case of ssa elas nae the object. When moored and subject to 
wave motion the body continually presents a different ortentation with re- 
spect to the direction of flow. In addition the test object was equipped 


with mooring appendages and rather large fins which undoubtedly acted to 
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51. 
increase the drag effect. 


To aid in establishing as accurate as possible a value for the coef- 
ficient of drag the date from several natural frequency observations were ap~ 
plied in equation (57). Only those runs at the lighter test object weights 
were used since the assumption that the vertical component of mooring line 
force is equal to the nd..buoyancy NW, becomes less valid as the test object 
becomes heavier. 

The results of these calculations are given in Table V1. A sample cal- 
culation is presented in Appendix 5. 

TABLS VI BXPERIMPITAL COEFFICIENTS OF DRAG FROM 


NATURAL FREQUENCY AMPLITUDES DECAY 
Radius of 

Run Centerline Depth ft. Oscillation (ft) weight mt (ibe ) Cp Bq (57) 
1 0.291 1.540 .988 » 385 
2 0.291 1.540 1.100 335 
3 0.291 1.540 1.139 » 280 
13 0.720 1.112 966 506 
15 0.720 1.112 1.070 480 
15 0.720 1.112 1.125 . 399 
Extra 

Run 1.020 0.813 1.503 SAG 
2h 1.352 0.479 -983 1.66 
25 1.352 0.479 1.100 1.66 
26 1.352 0.479 1.139 1.55 


The coefficient of drag obtained from the above calcuiations shows marked 


Gependence on the radius of oscillation and to a less extent on the weight of 


the body as seen in Figure 29. The latter effect may be explained as a result 
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of the assumption that vertical component of mocring line force is 


equal to net buoyancy becoming less valid as the test object becomes heavier. 
The average value of C. for the rigidly restrained body from Table VY is 1.432 
but there is no apparent relation between this value and C> for the partially 
restrained oscillating body. The agreement between C> In Table VI and the 
average steady state value of 0.095 from Table III is best at the largest 
radius becoming poor as J diminishes. It appeare that for very large raéii 
of oseilletion the coefficient of drag for the oscillating body will tend to 
epproach the eteady state value as a Limit. fn attempt will be made to ac- 

- count for this phenomena in the following chapter. The average value for Cp 
associated with each centerline depth from Table VI was used in the calcula- 
tions which follow and provided good correlation between theory and experi- 
mental data. 


c. Force Multiplication Factors 
For each test made in this study, horizontal and vertical force multi- 


plication factors were computed from the maximum experimental force compo- 
nents and are tabulated in Appendix C. The horizontal multiplication factors 
are plotted egninst frequency ratio in Figures 30 through 32. There is a 
separate plot for each length of mooring line. In each of these figures, the 
experimental points define resonance curves of the form of Figure 4. The 
theoretical curve, computed from equations (16) and (17), is presented as a 
@o1id line in each of these Figures. / sample calculation is shown in 
Appendix A. In all computetions an inertial coefficient C,, - 1.05 wee used. 
The theoretical curves do not fall on a single line in Figure 4 since these 
curves are drawn for constant values of demping factor no and this fector va- 
ries with the frequency ratio due to the method of conducting teste. 
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D2 
The agreement between theory and experiment is best for the longer 


lengths of mooring line. For the shortest length of mooring line, test rune 
24.35, the agreement is poor however the trend is evident. In this series 
of runs the resonant frequency occurred at the heavier body weights when the 
net buoyant force was relatively iow. For this candition the assumption that 
the vertical component of mooring line force is equal to the net buoyancy is 
mich less valid since the wave force is no longer enall with respect to the 
net buoyancy. The actual measured forces in runs number 32 and 33, which are 
et frequency ratios greater then unity, and well beyond the theoretical re- 
sonant frequency are not considered valid since the test object was oscillet- 
ing 60 vigorously it struck the bottom of the tank. These runs do indicate 
thet the mooring lines should be long enough to insure that the moored body 
will not strike bottom even at the greatest anticipated angle of oscillation 
in order to avoid subjecting a mooring to such relatively large forces. 


it is possible that an improved method of evaluating the coefficient of 
Grag for the test object would lead to better agreement between predicted 
and observed results since the damping factor is proportions. to C, The ef- 
fect of damping on theoretical force magnification is indicated in Figure 4. 
The greatest effect of damping factor occurs between frequency ratios of a- 
hout 0.75 to 1.4. An improved value for the drag coefficient would have little 


effect on the results beyond a frequency ratio of 1.4. But in the region of 





frequency ratios 0.75 to 1.4% the value used for the coefficient dreg is of 
great importance. The accuracy of the coefficient of drag found as indi- 
cated in section b is considered reasonably accurate for the purpose of this 
study in view of the agreement. between predicted and experizental results 
shown in Figures 30 through 32. 
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56. 
The experimental vertical miltiplication factors are listed in 


Appendix C and are plotted in Figures 33 through 35. The dashed lines in 
these Figures do not represent theory. They serve to connect the positive 
end negative experimental points to show the trend of data. 


The results pregented in Figures 30 through 35 indicate the validity of 
enalyzing the present problem by applying vibration theory with square law 
demping. This is not surprising in view of the gocd agreement achieved by 
Shapiro in his investigation (1). They also esteblish a basis for evaluating 
the effect of shape on the wave forced oscillations of a submerged mocred 
buoyant object. . 


a. Slacking of Mooring Lines 

When the mexinum dynamic negative mooring force is greater than the 
net buoyancy, one or both of the test object mooring lines will slacken. 
Expressing this criterion in terms of the ratio 

H/; -, slecking will oceur when 
Wri N p< 1 
Vm 

This cecurred during a portion of the vave cycle at the heavier body weights 
as noted in the compilation of data in Appendix C. The results of the teste 
show a decrease in mooring line force with increasing frequency ratio, pro- 
duced by increasing the test object weight. This desirable trend is limited 
by the net buoyancy becoming so small that slacking occurs. When slacking 
occurs over any portion of the wave cycle it is followed by a severe jerk as 
the mooring lines again become taut. The magnitude of forces imposed by this 
jerk may be seen by referring tc Pigures 29 through 34. The last two experi- 
rental points on each curve were obtained when the test cbject mooring lines 
were Slackening and tightening during a portion of the cycle. This effect 


must be considered undesirable and severely limits the available range of 
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frequency ratios for 2 given design condition wave. In the present study 
the wave selected waz con the besic of convenience to alicw a comparison 


of effects and did not neceaserily represent an expected design condition. 


Ia still water both mooring lines were taut for ell teat conditions. 
Blacking occurred only when the object was subjected to wave forces. 
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EXPERIMENTAL TESTS -1-l2 
WAVE DIMENSIONS TEST DIMENSIONS 
f =0.500cps Fuom = 0.1142 Ibs 


H 0.289 ft. Fuom= 0.1100 Ibs 
te 14 45 ft. Z= 0291 ft 
= 2 tf: MOORING RADIUS f£ = 1.540 ft. 


Cu = 05 
Cp = 0. 333 


DATA KEY 
@ POSITIVE 


O NEGATIVE 


SLACKING IN 
MOORING LINES 


FOmelG. 2O—2e 24 726 28 30 ~32> 34 ec 


FREQUENCY RATIO f/f, 


FIG 30 VARIATION OF HORIZONTAL MULTIPLICATION FACTOR WITH FREQUENCY 


RATIO 
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EXPERIMENTAL TEST 13-23 
TEST 
+ 

FuoM 


DIMENSIONS 
O.1133 Ibs 


0.1102 Ibs 
Pe th, 
1.O5 
0.462 


= 0.500 cps 
= 0.289 ft. FHOM 


1445 ft. MOORING RADIUS £ 


2! Ci 


Cp 


DATA KEY 
@ POSITIVE 


O NEGATIVE 


SLACKING IN MOORING LINES 


l6 186 20 22 ée4 26 28 30 32 34 36 


FREQUENCY RATIO f/fn 


FIG. 3t VARIATION OF HORIZONTAL MULTIPLICATION FACTOR WITH FREQUENCY 
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EXPERIMENTAL TESTS 24-35 


f 
5, 169 WAVE DIMENSIONS TEST DIMENSIONS 
+ 
ete f = 0.500 cps Fuom 70.1102 Ibs. 
H = 0.289 ft FHom =0.0882 Ibs. 
L=14.45 ft. Palace tt: 
h = 2ft. MOORING RADIUS £= 0.479 ft. 
e Cu = 1.05 
Cp = 162 
TEST OBJECT STRUCK 
B8OTTOM OF WAVE TANK 
ie} 
5 Eq [35] 
Oo ® SLACKING IN 
o £ e@ r MOORING LINES 
ay 
Cf @e@ 
=e . DATA KEY 
o @ POSITIVE 
O NEGATIVE 
20 22 24 26 28 30 32 
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FIG 32 VARIATION OF HORIZONTAL MULTIPLICATION FACTOR WITH 
FREQUENCY RATIO 


EXPERIMENTAL TESTS 1-12 
WAVE DIMENSIONS 


0.500 cps 
= 0. 284 ft. 


+ 
Fyom 


og 


3.4 3.6 


TEST DIMENSIONS 
0.0969 Ibs 


-0.291 ft. 


= 14.45 ft 
2 ft. 


" MOORING RADIUS £ 


$ 4.255 


Fyom = 0.0861 Ibs 
Z > 


1.540 ft. 


SLACKING IN 
MOORING LINES 


DATA KEY 
@ POSITIVE 
O NEGATIVE 
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FIG. 33. VARIATION OF VERTICAL VARIATION FACTOR WITH FREQUENCY RATIO 
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EXPERIMENTAL TESTS 13-23 
WAVE DIMENSIONS TEST DIMENSIONS 
fs 


0.500 cps F HOM = 0.0485 


0.284 ft. Fuom = 0.0386 
14.45 ff. Z=0.720ft 


2 ft. MOORING RADIUS f£ = 1.112 ft 


SLACKING IN 
MOORING 
LINES 


Dod eee = 


DATA KEY 
@ POSITIVE 


O NEGATIVE 


O2 04 06 O06 10 l2 J4 6 %I18 20 22 24 26meee 39 32 34 556 
FREQUENCY RATIO f/fn 


FIG 34 VARIATION OF VERTICAL MULTIPLICATION FACTOR WITH FREQUENCY 
RATIO 


EXPERIMENTAL TESTS 24-35 
WAVE DIMENSIONS TEST DIMENSIONS 


+ 27.30 ae+25.50 0.500 cps Fyom = .0243 
0.284 ft. FVOmM = .O|98 
14.45 ft. z= 1352 
2 At. MOVING RADIUS £ =0.479 ft 


TEST OBJECT 
STRUCK BOTTOM OF 
WAVE TANK 


SLACK IN 
MOORING LINES 


DATA KEY 
@ POSITIVE 
o NEGATIVE 
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FREQUENCY, RATIO f/¢n 


FIG 35 VARIATION OF VERTICAL MULTIPLICATION FACTOR WITH FREQUENCY 
RATIO 





VII CONCLUSIONS 


1. General 

This study gives further demonstration of the validity of describing the 
behavior of moored submerged bucyent objects in ocscilleting waves by vibrea- 
tion theory with square law damping provided there is no radical departure 
from the assumptions listed in Chapter II. 


2. Effect of on Fo Liat. Motion 


The effect of shape can be moat readily demonstrated by comparing two 
differently shaped objects verve by mooring systems having equal radii 
of oscillation and subjected to forced oscillatory motion in identical wave 
systeus. The streamlined shape of the present study will be compared to a 
sphere of equal volume since the payload capacity would appear to be one of 
the most important considerations in a prototype installation. 

An arbitrary volum of 38.2 cubic fest for both the ellipsoid and sphere 
will be employed in order to permit utilization of data presented in Shapiro's 
atudy. The approximate solution of the non linear equation of motion, equa- 
tion (35) will be applied to both objects. Weight end wave characteristics 
were selected on the basis of realism end convenience. 









A= 9.27 tt 
Total Weight 2 735 lbs 
Added Maes Coefficient Ke0O.5 , potential flow theory 
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B = 15850 ft lbs Bq (26) 
As 5939 alug rt" Bq (25) 
f,- 0.259 cps Eq (28) 





D = 2.32 Tt Maximus Diameter 


Total Weight - 1270 lbs 

Aédead Mase Coefficient, K = 0.05 , potential flow theory 

Drag Coefficient, Cp = 0.09 > Average Value, Figure 29, for model at 
similar "2" /Dugy ratio 


B = 10870 ft lbs Eq (26) 
A = 4200 olug rt” Bq (25) 
fo = 0.259 eps ig (28) 





Gheallow water conditions 
~ > 3.86 seconds 
fr = 0.259 eps 

Density of Water p = 1.99 slugs / cu ft 


Forees on the systems 
Sphere Fy = 110 lbs Eq (9) 
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63. 





f/f, = 1 
Fim = 4.87 Bq (35) 
Flin = 536 ibs 
Streamlined Body Filon = 77 ibs Bq (9) 
" * 0314 Bq (25) 
t/fa = 1 
« 5.64 Bq (35) 


Fitom 
Fim 2 3 Vos 

The theoretical results, therefore, predict that the streamlined body 
will be the superior shape in hydrodynamic performence for the conditions 
described in the comparison. The degree of difference is on the order of 
23% in favor of the streamlined body, however it should be emphasized that 
these results are valid only for the particular cases chosen. 

The most importent condition to be noted 1% the radius of oscillation ; 
"0", end the veriation of the coefficient of dreg as indicated in Figure 29. 
It ia possible that for large values of "(" the force on the sphere may be- 
come less than that on the streamlined body due to reduction in the coeffi- 
cient of drag for the latter shape as "/" increases. However for both shapes 
the limiting value of "/" will be reached just pricr to the object breaking the 
water surface. The present theory would no longer apply if the objects were 
not completely immersed, since surface effects and loss of bucyast force would 
enter the problem. 

Fox the sphere the coefficient of drag as a function of mooring radius 
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6h. 
ia not known but it seems reesonable to believe that it would be less 


dependent on this paremeter than the streamlined body since ite cross sec- 
tional area normal to the flow is constant as orientation with respect to 
the stream flow changes. 

Provided this assumption is correct the advantage of the streamlined 
body over the spherical body would increase as the radius of oscillation ds- 
creased since the coefficient of crag and therefore damping factor, increases 
significantly in the case of the former shape as "0" diminighes. 


3. Zffect of Centerline Depth on Forced Oscillatory Motion 


Increasing centerline depth is accomplished by decreasing the radius of 
oecillation of the moored body amid it is this perameter which appears to have 
the most important influence on the Geumping factor far the streamlined body. 

The demping factor is a function of Cp)" " am other characteristics 
of the body but eas indicated by equation (57) the coefficient of drag is also 
@ function of "?". As seen in Figure 29 at large redii of oscilletion Cp, is 
lesa sensitive to changes in “(/", this represents shallow centerline depths. 
Therefore) tirge radii of oscillation the damping factor varies approximately 


~- to <~ # 
At emaller radii of oscillation C, increases rapidly as "/" Gecreases and 
the damping factor is more strongiy influenced by this parameter. This may 
be expressed approximately as 

ig “~ Cp 


indicating, therefore, increase in Np as "/“ decreases. 


Figure 36 shows the variation of the theoretical maximum partially re- 
strained ferce on the object as a function of centerline depth. This Pigure 
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65. 
4@ a combination of theory and experimental values. For each center- 


line depth ae computed from equation (35). The value of Fy, was 
ee 
then calculated on the basis of experimental valws of Fre. measured in ri- 
gidly restrained teste. Since both a positive and uegative value for Fy. 
were recorded at each dapth, two values of Fy, are shown in Pigure 36 for 
eech series of testr runs. The curve connecting these points represents the 
theoretical variation of "H, as a funetion of centerline depth. It may be 
geen from the Figure thet no optimum depth 1g indicated but a maximum force 
dees occur near a centerline depth ratio of 3. In a prototype installation 
this depth should be avoided. 

But of greater significance than ceterline depth in this consideration 
ig the reduction in" /" whieh produced greater centerline depth the most in- 
teresting aspect of this study proved to be the marked increase noted in the 
coefficient of drag as " /" diminished. Several reaso:s ere considered to ve 
responsible for this phenomena, these are: 
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66. 
1) The possibility of earlier seperation and greater energy lows as the 
mooring radius decreases. This appears to be the most important effect caus- 
ing the increase in the coefficient of drag. This is not surprising when con- 
sideration is given to the flow of streamlines around the body. Figure 37 is 
intended to depict the possible seperation that may result as the body causes 
greater disturbance to the free flow of fluid around it at shorter radii of 
oscillations. 


2) The assumptions which led to the derivation of equation (57) which defines 
Co» It is based on the criterion of equivalent dissipative work done during 
@cycle. This approximation proved successful when applied to salve the quad- 
ratic demping equation of motion. The technique is to replace the quadratic 
damping coefficient with an equivalent linear demping coefficient. The ob- 
served decremental decay of tie free vibrations which are in fact the result 
of quadratic damping, are then used to evaluate the coefficient of drag de- 
fined in terms of the equivalest linear dmuping coefficient. 


3) The possibility of interference between the object and bottom of the tank 
as the radius of oscillation is shortened. Energy loss in this interaction 
would result pro’ bably in increased drag with decreasing mooring line length. 


4) Chenge in projected area of the body normal to fluid streamlines. The 
projected area normal to the flow will increase as the radius is shortened. 
This would result in an increase in drag and would be nore accurately reflected 
in the product of C, end area. But since cross sectional area is treated as 

a constant any increase in drag would appear only as om increase in the drag 


coefficient. 
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67. 
The cecuyence of eamy or all of the above, as the radius of os- 
cilletion is shortened, would account for the increase in the doefficient 
of drag. The results obtained from the application of equation (57) led 
to good agreement with experiment and provide a strong argument for the 
validity of this equation. 
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3 E llipsoidal Body of Revolution 
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LS eo Length 14 inches 
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Figure 36. Variation of Theoretical Maximum Partially Restrained 
Force with Centerline Depth Ratio 
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Figure 37. Effect of Radius of Oscillation on Fluid Flow Past 
a Body 








The most difficult problem encountered in this study involved the ac- 
curate determination of the Grag cf the moored body, as reflected in the co- 
efficient of Grag, with changes in the radius of cscillation. 

While the coefficient drag sppeared to be adequately defined by egia- 
tdon ($7) several approximations were necessary to obtain this solution. These 
approximations could be avoided by utilizing more direct methods of measuring 
the drag. 

As a possibility for further research and a more direct approach to the 
problem it is suggested that an arbitrary shape be caused to rotate with 
steady anguler velocity, in still water and its drag measured at various radii 
of rotation. It would be possible in this manner to isolate the effect of 
separation, due to interference with streamlined flow, and bottom interaction 
effects. At very great redii of cscillation the body motion would tend to 
approach rectilinear translation, this trend is indicated in Pigure 29 by 
flattening of the curve toward the steady state value at the longer radii. 


At zero radius of oscillation the body would be rotating about its own 
eenter of gravity. For this condition it is perhaps most readily apparent 
that there will be a much larger drag coefficient then for the case of steady 
rectilinear flow. 

Although it appears reasonable to expect that the increase in drag at 
shorter radii is more severe with clongated bodies than, for instance, spheri- 
cal bodies, quantitative information on this aspect of the effect of shage 
is not now available and is suggested as a topic for further study. 
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APPENDIX A - SAMPLE CALCULATIONS 
RATURAL FREQUENCY AND FORCE MAGNIFICATION 
Given: Test Model under conditions of test 14 


Model and Mooring System Characteristics 
max = 0.208 &% 


Total Volume = 0.0274 cu.ft (Calculated) 
£2 21.112 tt 

Total Weight, me * 1.070 lbs 

Model Weight, we = 0.966 ibs 

Filer Weight, ip, = 0.10 ibs 


Wave teristics 
H = 0.289 ft T 2 2.00 secs 
L = Uhh f = 0.500 eps 
ds 2,00 ft 

Physical constants 


Density of water, p = 1.94 siuge/cu.ft 
Acceleration of gravity, g = 32.2 tt /sec™ 
Added. mesa coefficient, K 7 0.05, (CG, = 1.05) 
Drag coefficient, C= 0.46 (Figure 24) 


Average Maxinum force on rigidly restrained model 
FHom * 0.1127 los (experiment ) 


Required: Theoretical natural frequency end horizontal forte multiplication 
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APPENDIX A (Cont'd) 





1 {s)”% 

fa er |i (28) 
woeve A a2 I + I’ (25) 
aut B= (Vol pg ~ ug) L (26} 


I 2 moment of inertia of model alxmt anchor point of mocring line. 

By the parellel axis thecrem 

Istoo+rnl® 

whexe I of is the moment cf ivertia of the body about its own center of 

grawity . _ 

In ovGer to simplify the calculations Ioo will be found by treating the 
mo@el, shape as 8 90110 ellipsoid of revolution of constent density. The error 
ijmtreduced will be of minor significance since the value of I co is ameall com 
pared to the value Mf 


For en equivalent ellipseid 
Too = 2 + p®) = 6.0029) slugs ft" 
where, from Figure 13, « ~ wajor radius = 7" 
b ~ minor radius = 1.25" 


Therefore I = Igg + ML® 5 O.00234 + O.okNe = O.0835h slug re® 
a’ = yirtunl mens moment of snort etie 

I'S I'eg + mid 

B’ =X p Vo. = 0.002655 slugs 


L’go - = ak + t*) = 0.00102 slugs rt" 
a 


I' = I'gg + ml? = o.coolge + 0.003285 = 0.003467 alugs 7 
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APPENDIX A (Cont'd) 


Therefore A=I+I' = 0.08354 0.003467 = 0.04700 slug r2 
YR 


fn = pat 0.619 cps 


Horizontal Multiplication Factor Calculation 
2\h 2 ub Ne 
Pom = 2 (2 -(f)°) oa, (2) --(¢ ? (35) 
i wall) te ey) ee) 


where No = Cp RD L* Bice i (38) 
Ae f, 1277re 


No = 0658 
f = 0.807 
fn 
Therefore, from equation (35) or Figure 4 
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APPENDIX B - SAMPLE CALCULATION = 


COEFFICIENT OF DRAG 


Given: Test Model Under conditione of test 14 free oscillation 


Model and Mooring system characteristics 
Doax = 0.208 ft. 


Total Volume = 0.027% eu ft (calculated) 
As rae tt. 

Total Weight mg = 1.070 lbs 

Net Buoyancy HN = 0.640 lbs 


Experimental data from free oscillation record 
Ratio of enmplitudes of two successive cycles = UR = 1.421 


Maximum horizontal force component associated Rene Vy 
a 0.18 1b. 


Coefficient of ¢ Ce ation 


ol “1 
Y mex = tan Fi Sten Fy (58) 
+ ] 


“l 
Therefore VY max = tan 9. 09,2015 radiens 


Sp = A { H 


where A 20.0470 slug ft” from Appendix A 





Therefore Cy 3 0.480 
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APPENDIX C - TEST RESULTS 16° 


Run 

Centerline Multiplication Factor 

Depth (1-12) f£/fn Horizontal Vertical 
0.291 ft. + a + ee 
1 0.833 1.985 1.963 - ek 
2 0.937 2.935 3.150 2.520 2.260 
3 0. 3.230 3.480 3.290 3.440 
4 1.061 2.510 2.900 3.660 3.900 
5 1.154%. 1.640 1.950 2.620 3.590 
6 1.269 1.300 1.360 1.875 3.530 
7 1.350 1.080 1.260 2.385 1.872 
8 1.412 0.983 1.130 2.385 1.860 
9 1.649 0.770 0.650 1.910 1.730 
10 1.717 0.770 0.840 2.362 1.950 
ll # 2.425 0.193 0.400 1.910 1.450 
12 * 2.780 1.987 1.120 1.255 1.090 


Genter line " 
Depth (13-23) 


©. 20 ft. 

i :- ia rca 2.4L ————— 
14 0.810 2.190 2.700 1.160 1.485 
15 0.850 2.620 3-160 1.362 1.710 
16 0.916 3.160 3.540 2.360 2.870 
17 0.980 3.610 3.900 4.780 6.000 
18 1.172 1.225 1.315 2.590 3.260 
1 1.304 0.687 1.160 2.330 2.910 
20 1.460 0.623 0.662 2.180 2.740 
21 2.100 0.582 0.598 1.500 1.890 
22 % 2.500 0.194 0.199 6.270 1.9h2 
23 * 3.000 0.097 0.099 10.360 1.ghe 

nter line 


1.352 ft. 

i" ee 0.545 1.435 2.005 8.000 3.900 ° ~ 
25 0.621 1.420 1.675 2.550 4.670 
26 0.634 1.420 1.768 2.550 4.000 
27 0.675 1.420 1.850 2.550 3.120 
23 0.720 1.700 1.950 1.820 2.225 
29 0.784 1.700 2.150 2.505 3.060 
30 0.859 2.060 2.435 3.460 3.230 
31 0.893 2.180 2.700 5.100 4.670 
32 et 1.032 4.190 7.690 27 «300 17.900 
33 ee 1.057 5 .000 7.180 25.500 15.570 

* 1.440 1.020 2,020 16.420 7.500 
35 * 1.640 3.190 3.740 16.420 6.290 


* Slacking in moOring line 
#* Test Object Struck Botton of Wave Tank on Forward Swing 
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